2019 Fall Mathematical Analysis II1 1

Solutions to Assignment 2

1. Find the Fourier series of the function |sinz| on [—7, 7.

Solution. The function |sinz| is even. Using formulas such as

2 vy
an:/ sin x cos nx dx,
™ Jo
we get
2 (=1 +1 2
an:_i( 2)+ 77’12170/[):*,
T nc—1 T
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sinx| ~ — — — )
T w 3 15 35
2. Show that
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n=1
for z € [0,27]. Here we extend z? which is originally defined on [0, 27] as a 27-periodic
function on R. Compare it with 4(a) in Assignment 1. Compare it with 4(a) in Assignment
1.

Solution It shows that a function may have two different Fourier expansions over a
subinterval. Here we have two such expansions over [0, 7].

Consider the function f(z) = 2.

912
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and by integration by parts,
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3. This is an optional problem.

(a) Assume that the Fourier coefficients of a continuous, 2m-periodic function vanish
identically. Show that this function must be the zero function. Hint: WLOG assume
f£(0) > 0. Use the relation

[ papais =0,

where p(z) is a trigonometric polynomial of the form (¢ + cosz)* for some small &
and large k > 0.

(b) Use the result in (a) to show that if the Fourier series of a continuous, 27-periodic
function converges uniformly, then it converges uniformly to the function itself.

(c) Apply (b) to Problem 4(a) to show
72 & (—1)nt
Tl D
Solution

(a) Let pex(z) = Cr(e+cosx)?*, where C; ! = J7 (e+cosz)**dx. Using [ pej(x)ds =
1, one has

I@psle)ds — 10 = [ pea@)(7(e) - F0)da

—T

) —0 T
_ / pesla) (@) = FO)de + / ﬂ+ /5 ) pe s () (F(z) — £(0))]d.

Given n > 0, by continuity, there exists 0 > 0 such that

7(@) — FO)] < 50, Ve € [-6,4].

Then

) ) T
’/Jps,k(x)(f(x) — f(0))dz| < ;n/(sps,k(ﬂf)dw < ;77/ Pe(z)dr < 177,
and

. 2

-4 T ™
() + [ st = 5ODel < max pos(o) [ 1) = Ol

o<|z|<m —r

First choose e sufficiently small so that for § < |z| <7, |(e + cosz)| < 1, then choose
k sufficiently large so that

1
max pe ()

n
St S T ) — FO)de 2

Hence one has

'/_Zpe,k(:r)(f(x) — £(0))dz| <.

Since n > 0 is arbitrary, this shows [*_f(x)p.r(z)dz — f(0), for suitably chosen
e — 0,k — oo. By Problem 5, the trigonometric polynomial p. ;(z) is a finite
Fourier series, which can be written as p. ;(x) = Zﬁzf 1 cn€™®. Suppose the Fourier
coefficients of f(x) vanish identically, then [* f(z)p.x(x)daz = 0. This implies that
f(0) = 0. By translations, it holds that for x € [—m, ], f(z) = 0. Also refer to
Stein-Shakarchi, Fourier Analysis, page 39-40 for a slightly variant proof.
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(b) Suppose Sy () = ag + N, (an cosnx + by, sinnz) is the partial sums of the Fourier
series of a continuous, 27-periodic function u, and that Sy converges uniformly. Let
v(x) = limy_y00 SN (). By the uniform convergence, v(x) is a continuous, 27-periodic
function. Furthermore,

N
/ v(z)cosnrdr = lim [ ap+ Z(an cos nx + by, sinnx) cos nz dr = by,
N—00 1
and the same holds for a,,. Let w = u — v. Then the Fourier coefficients of w vanish
identically, and by (a) one has w = 0. Hence u = v and that Sy converge uniformly

to u.
7.[.2 (_1 n+1
(c) As we knew, 3~ 432 ——5— cosnz is the Fourier series of the function u(x) =
n
22, and the series converges uniformly. Hence by (b), it must converge to u(z) = z2.
One has -
2 n+1
—1
0:u(0):7;—4z( )2 cos 0,
n=1 n
and we obtain
7T2 B i (_1)n+1
12 n?

Remark. Part (a) implies that when two 27-periodic, continuous functions have the same
Fourier series, they must be identical. Such result follows from the Uniqueness Theorem
in the Notes. For, by this theorem it follows that these two functions are the same away
from a set of measure. In other words,

/_w (@) — gle)] dz =0 .

However, since f and ¢ are continuous, f must equal to ¢ everywhere. This exercise,
however, gives an independent proof of this fact (without using the Uniqueness Theorem).

4. Let f be a complex valued 2m-periodic function whose derivative is again integrable on
[—7, w]. Show that ¢, and ¢}, the Fourier coefficients of f and f’ respectively, satisfies the
relation ¢, = inc,,n € Z. Do not do it formally. Use the definition of the integration of
complex valued functions.

Solution. Here we integrate by parts over a period. (The proof given in class was kind
of formal.)

d, = / f'(x)e" ™M dy
- / (Fl(@) + ifol(z))(cos nz — isinnz)dz
= / (fi(x) cosnz + fy(x) sinnx)dz +i / (—f1(x) sinnz + f(x) cos nx)dx
~ / (f1(2) sinnz — fo(w) cos na)dz + in / (f1(z) cosnz + fo(z) sinnz)dz
_ n/(fl(a:)—i—z’fg(x))sinnxd:u—i-in/(fl(x)+if2(3:))cosn:vda;
~ i / (f1(2) + i fo())(cos nz — i sin na)dz

= nic, .
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5. Let 52 be the class of all smooth 2m-periodic, complex-valued functions and C* the class
of all complex bisequences satisfying ¢, = o(n™*) as n — 400 for every k. Show that the
Fourier transform f — f is bijective from C3; to C*°.

Solution First, we show that the Fourier coeflicients of a smooth, periodic function are

rapidly decreasing. A repeated application of Problem 1 shows that (in)*f(n) is equal to
the Fourier coefficients of f) for every k. In general, we have

{m
gl = 5| [ st da
< 27 y@llemde
- 27 ),
< 1 / lg(@)ldz| = M(g) |
- 2| J_,

that is, the Fourier coefficients of any integrable function are always uniformly bounded.
Now, for a fixed k, we have

)

- (k)
L] < MU
n

so {f(n)} belongs to C* .

Second, onto. Let {c,} be a rapidly decreasing bisequence. Define
) .
flx) = Z cne™ .
—00

Taking k = 2, we have
; C
’Cnema:| — |Cn| S =,
n

for some constant C'. By M-Test the right hand side in f is a uniformly convergent series of
functions so f is well-defined. Furthermore, as uniform convergence preserves continuity,
f is also continuous. By using M-Test to > inc,e™ (taking k = 3), we see that it
is also uniformly convergent. By one exchange theorem we learned in 2060 we conclude
that f is differentiable and f'(x) = >°°°_inc,e™ . Repeating this argument we see that
feds;.

Third, one-to-one. By Theorem 1.7 f(z) = Y.°° f(n)e™ and g(z) = 3% §(n)e™™.
When f(n) = g(n), it is obvious that f = g.

6. Propose a definition for \/d/dxz. This operator should be a linear map which maps C52 to

itself satisfying
[d |d d
I %f = %f )

Solution Use complex notation. For a smooth function f,
f'(n) = inf(n). (1)

In view of i = ¢/2, this motivates us to define g(z) = /d/dzf(x) to be the function
whose Fourier series is given by

g(n)=c, = ei”/4\/ﬁf(n).

for all smooth, 27-periodic f.
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That is,
Z 6i7r/4\/ﬁf(n)einr )

n=—oo

When f € C92, by Problem 5 in Assignment 1 (see also the previous problem), it is easy
to see that the series in the right hand side of g defines again a smooth and 27-periodic
function, and the convergence is uniform. Hence y/d/dz is a linear map on C§2 to itself.

= / h
Writing h(x o\ 7 f , then

hn) = ¢ mg(n) = e ™ f(n) = (i) f(n)

By the the uniqueness of the Fourier series, one has

d
Jm f——#

This problem demonstrates the power of Fourier series. It is hopeless to define fractional
derivative on the function directly.

7. Let f be a continuous, 2w-periodic function and its primitive function be given by

= /Ox f(z)dzx

Show that F'is 2m-periodic if and only if f has zero mean. In this case,

1 .
F = — Y .

(n) = —f(n), ¥n#0
Solution. From

427
Fla+27) = /0 1(y) dy
27

2T
= [Ty + /2 f() dy

0

2T 7:;

= [ 1w ay+ /0 f(y) dy
21

= fly) dy + F(x) ,

it is clear that F is of period 2 if and only if f has zero mean. The formula comes by
easily.

8. Let C’ be the subspace of C consisting of all bisequences {c,} satisfying >-%° _|c,|? < occ.

(a) For f € R[—n, x|, show that
o0 T
2yl < [ 172
— 0o -7

(b) Deduce from (a) that the Fourier transform f — f(n) maps Ry into C'.
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(c) Explain why the trigonometric series

Y ae 0,1/,

n

n=1

is not the Fourier series of any function in Ra.

Solution. (a) Using (f(z) — Y p__, cke™®) (f(z) — Yp__, cre’**) > 0 for all n and z,

n

0 < [0 Y ad @) - 3 ackn)ds

k=—n k=—n
— /(f(l‘) . Z Cke_ikm)(m* Z C—je—z‘jx) d
k=—n j=—n
= [P = 3 swme v = Y Fee 4 Y et H da
j==n k=—n Py —
= [Us@p -2 3 f)de,
k=—n

—ikax»

by the orthogonality of e
(b) It is clear from (a).

(c) From 3 |e,|? < oo one deduces that > a2, > b2 < oo also hold when the function is of
real-valued. Now, if the given trigonometric series come from an integrable function, then

1
Sa2 =3 3 must be finite. But now it is not when « € (0, 1]. We conclude that it is

not a Fourier series.

s. The desired inequality follows by letting n go to infinity.

9. Let f be a continuous piecewise C! function in Cy,. In other words, there exist —m =
a1 < as < -+ < ay =7 and Cl-functions f; defined on [a;,aj11], j =0,--- , N — 1 such
that f = f; on (aj,a;j11). Show that its Fourier series converges uniformly to itself. Hint:
Let M = max;{sup|fj(z)| : = € [a;,a;+1]}. Establish |f(y) — f(z)| < M|y — 2| for all
x,y € [—m, 7.

Solution Let f be a C'-piecewise, continuous 27-periodic function. There exist —m =
a1 < ag < -+~ < ay =7 and Cl-functions f; defined on [a;,aj11], j =0,--- , N — 1 such
that f = f; on (aj,a;11). Let M = max;{sup |f}(z)| : = € [a;,a;+1]}. For z,y € [-,7]
with = < aj, <--- <aj,, <y, then

Jm—1
1f(y) = f@)] = [fly) — flajy) + Z (f(aj+1) = flaj)) + f(aj,,) — f(z)]
]_jijfl
= i (W) = finr(ajp) + Z (filaj1) = filaz)) + fim—1(aj,) = fin—1(z)]
j]uilj—]m
< Mly —ajp, |+ M ) aji — aj] + Mlag, — x|
i=jm

= Mly—z|.
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10.

Thus f(x) is uniformly Lipschitz continuous. Now uniform convergence follows from The-
orem 1.7.

Note The Fourier series of a piecewise Cl-. continuous 27-periodic function converges
b

uniformly to the function itself is the most commonly used criterion for convergence.

Show that for a Lipschitiz continuous, 2m-periodic function, its Fourier coefficients satisfy

Cr Cr
|an| < 7, |bn| < 7 s

for some constant C.

Solution Since f is 2m-periodic, one has

1 ™
by, = — f(z) sinnxdx
™ —T

1 (™= 0 7
S Tysi ™d
/Tr” flz+ n)smn(m—f— n) x
1 [ T, .
=—= f(z + —)sinnzdz.
- n

Hence by the assumption on f, one has |f(z +y) — f(z)| < L|z — y|,Vz,y € [—m, 7], and

1 i T
|bn| = o /ﬁ(f(iﬂ) — flz+ E))smmcdx
1 ™
S o _W\f(x)—f(a:+%)||sinnx|dx
< 2 [T
2r J_. n
<L~
n

Similar estimates hold for a,,’s.



